We developed a method for making quantitative characterizations of bi-grid rotating modulation collimators ͑RMC's͒ that are used in a Fourier transform x-ray imager. With appropriate choices of the collimator spacings, this technique can be implemented with a beam-expanded He-Ne laser to simulate the plane wave produced by a point source at infinity even though the RMC's are diffraction limited at the He-Ne wavelength of 632.8 nm. The expanded beam passes through the grid pairs at a small angle with respect to their axis of rotation, and the modulated transmission through the grids as the RMC's rotate is detected with a photomultiplier tube. In addition to providing a quantitative characterization of the RMC's, the method also produces a measured point response function and provides an end-to-end check of the imaging system. We applied our method to the RMC's on the high-energy imaging device ͑HEIDI͒ balloon payload in its preflight configuration. We computed the harmonic ratios of the modulation time profile from the laser measurements and compared them with theoretical calculations, including the diffraction effects on irregular grids. Our results indicate the 25-in. ͑64-cm͒ x-ray imaging optics on HEIDI are capable of achieving images near the theoretical limit and are not seriously compromised by imperfections in the grids.
Introduction
Recent results from data obtained with the Japanese Yohkoh satellite indicate that high spatial and temporal resolution hard x-ray and gamma-ray imaging spectroscopy can provide definitive answers to fundamental questions concerning the evolution of solar flares. [1] [2] [3] The high-energy solar imager ͑HESI͒ is currently being studied as a Fourier transform imager with finer spectral and spatial resolution and an energy response that extends into the gamma-ray domain. 4 It builds on the technological heritage developed with the high-energy imaging device ͑HEIDI͒ and the high-resolution gamma-ray spectrometer balloon payloads. 5, 6 Hard x rays and gamma rays cannot be reflected or focused with lenses or mirrors. Even grazingincidence reflection, used effectively in both solar and celestial soft x-ray astronomy, is impossible in the photon energy domain above a few tens of kiloelectron volts. What is required is a variation on the pinhole camera consisting of transparent apertures in material opaque to these radiations. Although the Fourier transform technique as implemented for HESI provides an effective collecting area of only one fourth the total detector area, it is a feasible approach for solar flares and other high-flux phenomena. Simulations with software similar to that which would be used to analyze observations with HESI have demonstrated that extended sources, with features such as magnetic arches with angular extents in the range from 2 arc sec to 2 arc min, could be imaged with HESI.
The Fourier transform imaging technique employed with HESI is implemented with a set of 12 rotation modulation collimators ͑RMC's͒. 4 A single RMC consists of two uniform grids, with identical pitch, made from a high-Z material such as tungsten, separated by a large distance compared with the slit width of the grids. The range of grid-pitch sizes is chosen so that the source sizes to which the RMC's are sensitive span the range of source sizes anticipated to be of interest for the high-energy emissions from solar flares. The grid pairs are coaligned, forming RMC's within the telescope assembly, which is pointed to within a small fraction of a degree of Sun center and rotated. An x-ray detector is situated behind the rear grid of each RMC and measures the x-ray flux from the source as modulated with the rotating grid pair as shown in Fig. 1 . The grids rotate around their axis of symmetry, labeled Z in Fig. 1 . Note that this technique imposes no requirement with respect to position sensitivity on the x-ray detectors, which are required only to measure the counting rate as a function of time and photon energy. The RMC's modulate the x-ray flux observed with the detector by occulting and de-occulting alternately the source, providing that a symmetric x-ray source is not situated on the rotation axis of the collimators. If the x-ray source is located on the rotation axis, then no modulation of the incoming x-ray flux occurs. In a short time interval compared with a rotation period, the fundamental of the modulated signal from an individual RMC provides information on one spatial Fourier component of the source being observed. This information can be characterized as two symmetric points in the Fourier transform ͑UV͒ plane. In half a rotation ͑180°͒, the information from an individual RMC can be represented by a complete circle in the UV plane at a radius corresponding to the angular dimension determined by the grid pitch and the grid separation. Thus, in the time required for half a rotation, the 12 RMC's together provide all the information necessary to construct an image of the source covering the range of source sizes of interest.
We developed a method to characterize quantitatively the x-ray imaging capabilities of RMC's with visible light. In addition to providing a preflight calibration, this technique provides a quick and relatively simple way for determining whether the theoretical spatial resolution achievable with a given RMC has been compromised during integration into either a balloon or a satellite payload. RMC's, as with other shadow-casting x-ray imagers, are difficult to calibrate with x rays, 3, 7, 8 particularly when they are designed for such fine angular resolution ͓2 in. ͑5 cm͔͒ as is planned for HESI.
Our method consists of expanding a laser beam and using the expanded beam as a surrogate for a largearea plane wave of hard x rays, even though the RMC's are diffraction limited at visible wavelengths. A brief outline of how this is possible follows.
The principle that permits us to use visible laser light to analyze diffraction-limited grids was discovered in the 19th century, and then rediscovered by Cowley and Moodie in 1957. 9 As discussed in detail more recently by Cowley, 10 the essence of this principle is that a point source, when imaged with a grid having a sinusoidal transmission function, has multiple image planes ͑called Fourier images͒ where the image intensity exactly replicates the source intensity. For a periodic grid, the transmission function is a simple superposition of sinusoids, and in its image planes each harmonic of the Fourier image is a faithful reproduction of the corresponding harmonic of the source intensity distribution. One can reconstruct the total Fourier image by adding the harmonics, each multiplied by a phase factor of a very simple form ͑see Section 6.͒ By choosing the position of the rear grid to coincide with a convenient Fourier image plane of the forward grid, essentially we can eliminate the smearing effects of diffraction and correct for amplitude changes by using readily computed diffraction factors.
To implement this technique, the x-ray detectors are replaced with photomultiplier tubes ͑PMT's͒, and the modulated light intensity at the exit of the rear grid is measured as the grids rotate. The measured modulated light intensity is then Fourier analyzed to obtain its harmonic content. Comparison of the measured values of the harmonic content with theoretical values provides a quantitative measure of the imaging capabilities of the RMC's. This method was used to calibrate the coarser of the two RMC's, with 25-in. ͑64-cm͒ resolution, on the HEIDI payload prior to its balloon flight on 23 June 1993. Calibration of the other HEIDI RMC, with 11-in. ͑28-cm͒ resolution, Fig. 1 . Schematic of the RMC's in the HEIDI telescope. The grid pairs were coaligned, forming RMC's within the telescope assembly, which was designed to point within a small fraction of a degree ͑labeled ͒ of an x-ray source and rotated about the axis of symmetry ͑labeled Z͒. An x-ray detector was situated behind the rear grid of each RMC and measured the x-ray flux from the source as modulated by the rotating grid pair. The x-ray detector does not rotate with the grid pair. HV, high voltage.
was not completed due to time constraints and other technical difficulties.
The advantages of our method are numerous. Angular resolution as fine as 2 arc sec is required to resolve the relevant physical features of impulsive solar flares with the HESI Fourier transform imager. The results we obtained with a laser and a inexpensive optical setup suggest that this approach readily can meet our angular resolution requirements with only minimal improvements in the optics. With the use of optical wavelengths, we remove any need for the use of a large-area plane wave of x rays. Elimination of this requirement is not only a cost savings, but the elimination of the need to transport the instrument to a synchrotron beam or other facility is also a great savings in complexity and schedule. Our method of benchtop testing is preferable to observing celestial sources, such as stars or sunspots, because it also removes the necessity to take into account source variability and atmospheric blurring of the source, in addition to the obvious logistical difficulties of transporting the instrument to an acceptable observing location, suspending it, and pointing it in the required direction. Finally, this method also serves as an end-to-end test of the instrument's imaging optics, providing an assessment of the instrument's overall performance on a controlled, wellunderstood source distribution.
X-Ray Imaging with Rotating Modulation Collimators
Before discussing details of our calibration method, we present a brief overview of how x-ray images can be produced with RMC's. Figure 2 shows the theoretical modulated signal that would be measured in one complete rotation of an RMC about its axis of symmetry observing an off-axis point source. The RMC has a grid pitch of 1.25 mm and a grid separation of 5.2 m. The maximum count rate in Fig. 2 was normalized to unity. The low-frequency portion of the modulated signal occurs when the slits or slats in the grid are nearly perpendicular to the projections of the line of sight to the x-ray point source onto the grid plane. In addition, the most rapid frequency variations occur when the slits or slats are nearly parallel to the same projection. This modulated signal contains all the information necessary to determine the location and intensity of the simulated point source, albeit with a point-spread function ͑PSF͒ of 25 in. ͑64 cm.͒.
There are a variety of methods that can be used for image reconstruction from this modulated signal. [11] [12] [13] Even without reconstructing an image, for example, an estimate of the position of the point source can be inferred by inspection of Fig. 2 . The number of cycles between the adjacent low-frequency portions of the signal is proportional to the angle between the rotation axis of the grids and the x-ray point source. The constant of proportionality is the pitch of the grids, expressed in arc minutes. There are 24 cycles between the low-frequency portions of the signal and, as stated above, the pitch of the grids is 1.25 mm. A pitch of 1.25 mm with a grid separation of 5.2 m corresponds to an angular resolution of 25 in. ͑64 cm͒. Thus the x-ray point source is located at a radial distance of approximately 600 in. ͑1524 cm͒ ͓24 cycles ϫ 25 in. ͑64 cm͔͒ or 10 ft ͑3 m͒ ͑24 ϫ 25͞60͒ off the rotation axis of the RMC.
The time of the minimum in the low-frequency portion of the signal provides a measure of the azimuthal position of the x-ray source. The first minimum occurs at approximately 0.5 s in Fig. 2 . Because 5 s are required for one rotation of the RMC's, the x-ray source lies on a line that is rotated approximately 36°͑ 360°ϫ 0.5 s͞5 s͒ from the direction of the slits in the grids at time zero. The source is, therefore, 10 ft ͑3 m͒ off the rotation axis of the RMC and on a line approximately 36°from the starting orientation of the grids. There is a 180°ambiguity in the position of the source because the same pattern would be produced with the source on the opposite side of the spin axis.
The relative amplitudes of the local minima at approximately 0.5 and 3.0 s is a measure of the relative phase of the RMC, i.e., the projected distance between the center of rotation and the center of aperture in units of pitch. If the relative phase were zero, the values at these local minima ͑or maxima, depending on the source position͒ would be equal. The fact that the relative phase is nonzero indicates that the spin axis intersects the front and rear grids at different points in their respective grid coordinates.
Thus, for steady point sources, the position and intensity of the source and various instrument parameters can be inferred directly from the modulated signal. For multiple point sources or for sources with spatial extent, however, more complex instrumentation and processing are necessary. Ideally, an instrument should have as many RMC's as there are spatial scales in the sources to be mapped. Image reconstruction from the RMC responses is computer intensive, with expense roughly proportional to the square of the number of RMC's.
Conceptually, the simplest method of determining the PSF for a RMC is by back projecting the trajectories of an ensemble of photons passing through the grids from a hypothetical point x-ray source. 14, 15 This requires complete knowledge of the transmission functions of the individual grids and the colli- Fig. 2 . Theoretical modulated signal that would be measured in one complete rotation about the RMC's axis of symmetry, observing an off-axis point source with an RMC that has a grid pitch of 1.25 mm and a grid separation of 5.2 m. The maximum count rate in the plot was normalized to unity and offset to zero mean. mator as a whole. In principle, at every instant during the rotation of the collimator, one can compute the transmission function of the collimator and project it on the sky. Each such projection corresponds to a probability map for that instant. To map the x rays from a source in the collimator's field of view, one superposes all the instantaneous probability maps computed for each time a photon is detected. The total probability map that results from this superposition is a dirty map with sidelobes that surround the true source. To first order, this is equivalent precisely to aperture synthesis in radio astronomy. For a point source, the probability map is the PSF of the instrument, or in radio astronomy parlance, the dirty beam.
We computed the probability maps for a uniform flux of x rays incident upon the HEIDI 25-in. ͑64 cm͒ collimator for one full rotation of the collimator about its axis. As above, the collimator was assumed to be ideal and the ͑steady͒ source was taken to have the position used to make the modulation pattern of Fig.  2 . Figure 3͑a͒ shows this probability map, with a vertical shift in the amplitudes to force the map to have zero mean. Except for the vertical shift, Figs. 2 and 3͑a͒ are mutually compatible, and given the assumption of a steady source, either one could be used to derive the other.
The central peak in the map of Fig. 3͑a͒ is 25 ft ͑64 cm͒ wide, FWHM, and lies at the location of the presumed point source. The rings around the central peak would be reduced if probability maps from parallel collimators of different spatial resolution were added to this map, which is the motivation for the use of multiple collimators, as in the HESI. The tools of radio astronomy can be applied to such maps, and the sidelobes can be removed by the use of standard CLEAN 16 or maximum entropy method 17, 18 algorithms. Figure 3͑b͒ shows the result of our applying CLEAN to Figure 3͑a͒ . Figure 4 shows the experimental setup used in our calibration measurements. The beam from the He-Ne laser, with a wavelength of 632.8 nm, was directed through the eyepiece of a small Cassegrain telescope. The wave fronts from the beam-expanded laser simulated a point source at infinity. At optical wavelengths, the RMC's were diffraction limited, and the factor by which the modulated signal must be divided to account for diffraction effects is called the diffraction factor. ͑We discuss this factor in more detail in Section 6.͒ The telescope length was chosen so that the magnitude of the diffraction factor was not near zero at the laser wavelength used in our calibration. Fig. 3 . ͑a͒ Computed map for a steady flux of x rays from a hypothetical point source incident on an ideal 25-in. ͑64-cm͒ collimator for one full rotation of the collimator about its axis. The collimator was assumed to be ideal and the ͑steady͒ source was taken to have the position used to make the modulation pattern of Fig. 2 . We made a vertical shift in the map amplitudes to force the map to have zero mean. Except for the vertical shift, this figure and Fig. 2 are mutually compatible, and given the assumption of a steady source, either one could be used to derive the other. ͑b͒ Image of ͑a͒ postprocessed with the standard CLEAN algorithm used in radio astronomy to remove the sidelobes. Fig. 4 . Schematic of the RMC and electronics showing the experimental setup used in our calibration measurements. The beam from the He-Ne laser was directed through the eyepiece of a small Cassegrain telescope that expanded the beam. The plane wave that was generated intersected the front grid of the RMC at an angle of 12 ft. ͑3.6 m͒ relative to its rotation axis, labeled Z. The light intensity that passes through both the front and the rear grids was measured with a PMT. The processing of the PMT signal is discussed in Section 3.
Apparatus and Data Collection
The plane wave that was generated had a diameter of approximately 70 mm and intersected the front grid of the RMC at an angle of 12 ft ͑3.6 m͒ relative to the rotation axis of the RMC ͑labeled the Z axis in Fig. 4͒ . The diameter of both the front and rear grids used in our measurements is 130 mm. The light intensity that passes through both the front and the rear grids was measured with a PMT. The PMT does not rotate with the grids. Because of the intensity of the laser light, the PMT could not be operated in a single photon-counting mode, but instead was operated in an analog output mode. Because the modulation pattern of the incident laser light by the grids was the object of interest ͑but not the average intensity level͒, the signal of the PMT was ac coupled to eliminate any dc background. The grids were then rotated about their axis of symmetry ͑the Z axis in Fig. 4͒ , and the modulated light intensity observed with the PMT was converted into a voltage and passed through the ac coupling to a high-pass filter connected to the input of a voltage-to-frequency converter. The output of the voltage-to-frequency converter was a series of constant amplitude pulses whose frequency was proportional to the amplitude of the signal from the PMT. The pulses from the voltage-to-frequency converter were shaped electronically to simulate the signal that would be obtained with an x-ray detector and were then injected into the HEIDI flight data acquisition electronics. Here the individual pulses were time tagged with 100-s resolution and stored. The data were later analyzed with the HEIDI MicroVax computer.
Although the experimental setup described above provided a modulated signal that can be observed even visually, gradients in the wave front produced by the relatively unsophisticated optics employed make different parts of the expanded laser beam appear to originate from a variety of different directions. To determine the degree of wave-front nonuniformity, additional measurements were made with an aluminum mask with a pattern of approximately 20-mm-diameter holes drilled in it and was situated directly in front of the front grid. This mask was fixed relative to the incident wave front and did not rotate with the RMC's. It allowed light from only select portions of the wave front to illuminate the RMC. The centroid of the PSF reconstructed from data obtained with holes at different locations were compared to provide quantitative measures of the effects that were due to any nonuniformities in the incident plane wave. A perfect plane wave results in the centroid of the measured PSF appearing at the same location regardless of mask orientation. A plane wave with nonuniformities results in the centroid of the PSF appearing at a variety of locations depending on the mask orientation. Results from these measurements are presented in Section 7.
Stability of the entire experimental apparatus is also of extreme importance because any movement of the RMC with respect to the laser beam would result in smearing the centroid of the measured PSF. In our measurements the telescope pointing electronics and hardware were disabled so that the telescope housing the RMC's could be fixed rigidly in a horizontal position. Movement of personnel around the telescope during the calibration process was minimized so as to minimize distortions of the incident plane wave caused by air currents.
Theoretical Harmonic Content
One revealing way of visualizing the modulation produced by a RMC is as follows. ͑Our discussion here relates only to infinitely thin grids. The effect of finite thickness is discussed in Section 5.͒ The modulated signal through a RMC from an astronomical x-ray point source that is not located on the rotation axis is the same as the signal that would be obtained if the observations were made with the source located directly over the center of the fixed rear grid and the front grid were moving on a circular path centered on the rotation axis. ͑If the source is not rotationally symmetric, it must rotate at the rate of the RMC, but for a point source, this is irrelevant.͒ The radius of this circular path is proportional to the radial position of the x-ray source relative to the rotation axis of the RMC. This arrangement is illustrated in Fig. 5 . The front grid moves on a circular path around the axis of symmetry ͑the dotted line labeled Z͒. Note that the slits and slats of the front and rear grids remain parallel at all times as the front grid moves on its circular path. The motion of the front grid can be decomposed into two components, one parallel to the direction of the slits͞slats ͑labeled y in Fig. 5͒ and one perpendicular to the slit͞slat directions ͑labeled x in Fig. 5͒ . The x and y axes in Fig. 5 are fixed relative to the rear grid. The front grid undergoes simple harmonic motion in both the x and the y directions. However, because the slits and slats of the front grid are aligned with the y direction, there is no modulation of the incoming x-ray flux due to motion in the y direction. There is modulation of the x-ray flux due Fig. 5 . For a point source located off the rotation axis, labeled Z, of the RMC's, the rear grid appears fixed and the front grid undergoes simple harmonic motion in both the x and the y directions centered around the Z axis. As discussed in the text, the motion in the x direction produces modulation that can be analyzed in one dimension.
to motion in the x direction because the grids alternately occult and de-occult the source.
The relationship between x and rotation angle ͑the angle between the x axis shown in Fig. 5 and a vector pointing from the z axis to the center of the front grid that is located in the plane of the front grid͒ is given by
where R is the radial distance of the source from the z axis shown in Fig. 5 ͑measured in units of pitch͒, p is the pitch of the grids, and 0 is the starting angle of the grids. The intensity ͑or equivalently the transmission through the two grids͒ versus results in a triangular waveform with a sinusoidally varying frequency as that shown in Fig. 2 . ͑Note that the abscissa in Fig. 2 is not x but time, so the waveforms in Fig. 2 are not strictly triangular.͒ Plotting the intensity versus x results in a triangular wave of constant frequency.
That the modulation gives an exact linear variation in transmission as a function of x can be understood as follows. The transmitted flux is proportional to the overlap of the slits in the upper and lower grids. This overlap is a series of rectangles that change linearly in width but stay fixed in length as the front grid moves in the direction perpendicular to the slats.
Regularization is the term used to describe the process of eliminating the sinusoidal frequency dependence of the modulated signal when the intensity versus x is plotted. 11 The process of regularization corrects for the variable rate of modulation caused by rotation of the collimator. The measured modulated signal obtained from a perfect RMC can be regularized once the position of the source has been determined ͑see Section 7͒.
Fourier transforming the regularized waveform, i.e., a triangle wave of constant frequency, shows that for infinitely thin grids with equal slit and slat widths, the amplitudes of the odd harmonics are a factor of the square of the harmonic order times smaller than the fundamental. Thus the ratio of the fundamental to the third harmonic is 9, the fundamental to the fifth harmonic is 25, etc. The even harmonics for this case are identically zero.
The regularized triangular waveform is constructed from the sum of all the harmonics. A cosine waveform with the same frequency as the triangular waveform is the fundamental, or first-order approximation, to the triangle wave. The addition of further harmonics to the fundamental sharpens the peaks and valleys of the resulting sum. Imperfections in the grids, misalignment between the grids, systematic and random variations in pitch, etc. can manifest themselves as a degradation of the sharpness of the peaks and valleys in the modulated signal. This effect would be most observable in the amplitude of the third harmonic to the modulated signal. By a comparison of the measured ratio of the fundamental to the third harmonic with theoretical results, a quantitative measure of the quality of the grids can be obtained.
Effects that are Due to the Nonzero Thickness of the Grids
The harmonic content described in Section 4 applies only to infinitely thin grids in which the slats are 100% opaque and that have a slit-width͞slat-width ratio of unity. The actual grids used in the HEIDI instrument have a thickness of 10 mm that needs to be taken into account. The effect of the nonzero grid thickness is to modulate sinusoidally the effective transmission seen with an off-axis source as the RMC rotates about its axis of symmetry. When the grids are parallel to the line between the off-axis source and the projection of the spin axis on the sky, the optical transmission is a maximum. A quarter revolution later the transmission ͓T͔͑͒ is a minimum and is given by
where s is the slat width, t is the thickness of the grid, is the off-axis angle of the source, and p is the pitch. At intermediate grid orientations, the relative transmission is between s͞p and the value given by the above equation. The effect of the nonzero grid thickness manifests itself as a flattening of the bottoms of the triangle-shaped peaks that are due to the increased occultation of the source by the apparently thicker slats.
The harmonic content of the triangular waveform for 10-mm-thick grids is shown in Table 1 for the case s ϭ p͞2 and ϭ 12 ft ͑3.6 m͒. The odd harmonics remain smaller than the fundamental by approximately the square of the harmonic order. Note that shadowing has introduced nonzero even harmonics. Although they are still much smaller than the contiguous odd harmonics, they can contribute significantly to the analysis. Higher harmonics than the fifth are sufficiently small that they may be lost in the noise, so we restrict much of our analysis to the second and third harmonics.
Diffraction Effects
Because the grids are diffraction limited at the wavelength at which the He-Ne laser operates, the effects of diffraction on the measured modulated signal must be taken into account explicitly. These diffraction effects are negligible at x-ray energies above approximately 10 keV, but are not negligible in visible light. As mentioned in Section 1, we use a technique ͑de- 
where L is the distance between the grids, h is the harmonic order number, is the wavelength of the incident plane wave, and p is the pitch of the grids. Negative values of the diffraction factor correspond to phase shifts of 180°. Such a negative value results in the affected harmonic subtracting from, rather than adding to, the total modulated signal. A plot of the diffraction factor for the fundamental and the third harmonic versus the wavelength for the RMC used in our calibration procedure ͑with a pitch of 1.25 mm and a grid separation of 5.2 m͒ are presented in Fig. 6 . A derivation of the mathematical aspects of diffraction effects for irregular grids is presented in Section 7, where Eq. ͑3͒ is found as a special case ͓cf. Eq. ͑11͒ and the discussion that follows it͔. Conventional diffraction limits are usually the shortest wavelength at which the amplitude of the measured signal is reduced by some significant amount. Figure 6 shows clearly, however, that at selected larger wavelengths ͑larger than the conventional diffraction limit͒, the effects of diffraction become negligible and the magnitude of the diffraction factor approaches unity. Physically this occurs when the separation of diffraction maxima formed by the front grid equals a multiple of the spacing of the rear grid. For a sufficiently narrow range of wavelengths, the effects of diffraction are constant and can be made negligible at optical wavelengths when appropriate values are chosen for the grid pitch and the distance between the grids. Such a range of wavelengths can be achieved with optical bandpass filters and white light or with laser light sources. Figure 6 shows that the absolute values of the diffraction factors for the fundamental and the third harmonic are near maximum values at 632.8 nm, the wavelength at which He-Ne lasers operate. The diffraction factor for the fundamental is 0.945, and the diffraction factor for the third harmonic is Ϫ0.989. When the effects of diffraction are incorporated for perfect grids with a pitch of 1.25 mm, the expected value of the fundamental-to-third-harmonic ratio is Ϫ8.6:1. A measured ratio of Ϫ8.6:1 with incident He-Ne laser light would be consistent with a fundamental-to-third-harmonic ratio of 9:1 for x rays, for which diffraction effects are negligible.
Overall, the use of harmonics is a simple, straightforward way of interpreting the data. A more complete analysis of these data is beyond the point of diminishing returns. Future data obtained with a system described in Section 8 is expected to yield more precise and informative results.
Application to the High-Energy Imaging Device Grids
The first step in the analysis of the calibration data obtained for the HEIDI grids consists of building up a modulated signal with a sufficient signal-to-noise ratio and sufficient statistics to allow for a meaningful analysis. This is accomplished for the data sets, separately with and without masks, by the addition of all the simulated x-ray pulses counted by the HEIDI flight data-acquisition system, which is modulo 5 s, the rotation period for the HEIDI grids. Effects produced by the electronic filter used to differentiate the signal with a time constant of 0.296 s are removed from the data, and the corrected rate is then normalized to a peak counting rate of unity with a mean of zero. The modulated photon rate ͑⌽͒, for runs without masks and for runs with masks, with each mask orientation, is fit to the following equation:
so as to determine the apparent position of the point source and the phase of the grids. Here, p is the pitch of the grids, R and are the radial and angular positions of the source, 0 is the starting orientation of the grids relative to the source, ⌬ is the relative phase of the collimators, and A is the amplitude of the modulated signal. ͑The collimator phase is the projected distance, in units of phase, of the spin axis from the line of zero phase for the RMC.͒ This equation is not intended to represent an exact analytic form of the modulated signal. The effects that are due to the finite thickness of the grids, grid imperfections, and diffraction effects are not taken into account in these fits. Rather, the intent of the fit is to find the centroid of the PSF, given by R and , and the instrument parameters 0 and ⌬. The best estimates for R, 0 , ⌬, and the mean grid pitch are used to regularize the modulated signal shown in Fig. 7͑a͒, i. e., the modulated signal is plotted versus 2͓͑R͞p͒ ‫ء‬ sin͑ Ϫ 0 ͒ ϩ ⌬͔ to remove the sinusoidal frequency variation ͓Fig. 7͑b͔͒. We use the regularized modulation profile to construct the instrumental PSF. When the phase of the grids is taken into account, the measured modulated signal also can be back projected through the grids to obtain a measured PSF ͑with the full extent of the laser beam͒. To do this, we replicate the profile ͑a function of x͒ along the y axis to make an instantaneous two-dimensional PSF and then rotate the instantaneous two-dimensional PSF about a point 10 ft ͑3 m͒ from the center, successively summing the rotated versions at intervals of 2°from 0°to 360°͓Fig. 8͑a͔͒. This produces a full rotation PSF. It is instructive to compare this with the theoretical PSF of Fig. 3 . The rounded central peak in the empirical PSF is due primarily to a negative third harmonic, as discussed below.
The same procedure for runs with the masks in place provides a measured PSF for each orientation of the mask. The centroids of the measured PSF's for different locations of the mask apertures are then compared to seek inhomogeneities in the laser beam.
The results of such a comparison are presented in Fig. 9 , which shows that the apparent relative position of the centroid of the measured PSF varies by approximately 2 in. ͑5 cm͒, or approximately 10% of the grid pitch of 25 in. ͑64 cm͒, depending on the location of the hole in the mask. The position shift was correlated angularly with the position of the mask hole. This is probably an indication of nonflat wave fronts in the expanded laser beam at its incidence upon the front grid. Because the departures from planarity are found to be small ͓Ͻ Ͻ25 in. ͑64 cm͔͒, all subsequent analysis uses data obtained with no masks so as to keep the signal-to-noise ratio as high as possible.
Once the ͑full-beam͒ modulated signal is regularized, a fast Fourier transform routine determines its harmonic content, which consists of a discrete line Fig. 7 . Modulation profiles with derived empirical PSF and theoretical PSF: ͑a͒ raw data produced by the laser calibration system and ͑b͒ regularized data after correction for the variable rate of modulation caused by rotation of the collimator and after a best fit to the source position. Fig. 3͑a͒ . The rounded shape of the central peak was produced by the reversed sign of the third harmonic, one of the effects of diffraction. ͑b͒ Theoretical PSF with the fundamental, second, and third harmonics determined from analytic fits to the curve in Fig. 7͑a͒ and including the diffraction factors. Comparison of this PSF with the empirical PSF in ͑a͒ shows only slight differences, mainly attributable to grid irregularities and the neglect of higher harmonics. spectrum. The first and second halves of the collimator rotation provide two distinct and complete measurements of the modulation spectrum. For the third harmonic, the ratios to the fundamental ℜ 3:1 for the two halves are found to be Ϫ0.065 and Ϫ0.069, implying that ℜ 3:1 ϭ Ϫ0.067 Ϯ 0.002. The second harmonic is less well determined, with a range determined to be from 0.020 to 0.030, and so ℜ 2:1 ϭ 0.025 Ϯ 0.010. For ideal grids at near-normal incidence, the magnitude of the third harmonic ratio ͉ℜ 3:1 ͉ is smaller than expected and ℜ 2:1 is larger than expected. We discuss the reasons for these discrepancies below.
With the above empirical harmonic ratios, it is now possible to construct a theoretical PSF ͓Fig. 8͑b͔͒ for comparison with the empirical PSF of Fig. 8͑a͒ . Inspection of Figs. 8͑a͒ and 8͑b͒ shows negligible differences between them, validating the three-harmonic approximation and indicating the good quality of the RMC.
An independent visible light characterization of each of the grids that comprise the RMC used in our calibration procedure was performed prior to the construction of the RMC. Figure 10 shows a histogram of the measured variation in pitch across one of these grids. The distribution in grid pitch has a FWHM of the order of 10% of the mean grid pitch of 1.25 mm.
The theoretical value of the fundamental-to-thirdharmonic ratio given above incorporates only the mean value of the pitch. Because the diffraction factor varies as the cos͑C͞p 2 ͒, the variations in pitch can have a dramatic effect on the value of the diffraction factor. The variation in pitch therefore must be taken into account when the diffraction factor is determined. A derivation of expressions for the effects of diffraction on a plane wave of monochromatic light on a collimator with irregular grids follows.
A. Analysis of Modulation by Irregular Grids
For a periodic system of apertures, assumed symmetric about the origin, one can write the aperture transmission function in the form of the following Fourier series:
where p is the period of the aperture ͑pitch͒, and the harmonics h run from 0 to ϱ. In this particular case, F h ϭ sin͑h͞2͒͞h ͑h 0͒ and F 0 ϭ 1͞2. This form of the transmission function is well suited for computing the effects of diffraction ͑see Ref. 20͒. In the real world, however, grids depart from the ideal in both symmetry and periodicity. For irregular grids without any symmetry, the above equation must be generalized to
where the fundamental period is now d, the width of the grid rather than the pitch, and M Ͼ Ͼ the number of slats. This form is used for the forward grid, and for the rear grid a similar form is used ͓q͑x͒ replaces q͑x͒ and F n replaces F n , and the x coordinate is offset by an arbitrary amount ␦͔. Note that the functions q͑x͒ and q͑x͒ are all zeroes or ones, hence they are equal to their own square ͑q 2 ϭ q͒, which implies that the autocorrelation of their Fourier coefficients is identically the same sequence as that of the Fourier coefficients. This important property is used below as a check on the zero-wavelength limit of our final expression.
The number of coefficients F n required to reproduce the Goddard Grid Characterization Facility ͑GCF͒ measurements ͑10-m accuracy͒ is approximately 100 ϫ N ͑N ϭ number of slats͒, but for our purposes here, ϳ20 ϫ N ͑4096 coefficients͒ is sufficient.
Then, as shown by the standard method of Fourier transforming the aperture transmission function ͑e.g., Cowley 10 ͒, one can compute the nth harmonic of the electric vector of a wave after passage through the grid:
where L is the distance of the image from the aperture plane, is the wavelength, and k ϭ 2͞. This is essentially Eq. ͑31͒ in Cowley, 10 which is valid in both the Fresnel and the Fraunhofer domains. Note that at locations where L is an integer multiple of 2n 2 ͞d 2 , n ͑ x͒ assumes the same values as the zerowavelength limit. These locations are the so-called Fourier image planes.
The intensity distribution of the image is the absolute squared sum of the phasers n ͑ x͒, which can be written as the Fourier series:
where ‫ء‬ indicates the complex conjugate, and G m is a phase-shifted Fourier coefficient If the second grid of a collimator is placed in the image plane ͑at distance L from the first grid͒, then modulation is observed when one displaces the second grid by an amount ␦ with respect to the first and measures the flux of photons passing through as a function of ␦.
The flux ⌽ through this second set of apertures is given when one integrates the intensity distribution over the extent of the grid, Ϫd͞2 Ͻ x Ͻ d͞2:
This integral is evaluated readily with the fundamental orthogonality relation for Fourier series. Applying this to Eq. ͑9͒, one obtains the flux as a function of displacement ␦:
For the case of an ideal periodic grid, except for the dc term ͑n ϭ 0͒, the only harmonics that would appear in the aperture transmission functions q͑ x͒ and q ͑ x͒ are odd ͑n ϭ 1, 3, 5, . . .͒. But an examination of Eq. ͑10͒ shows that the only cases when all of the coefficients F lϪm , F m , and F l * are nonzero is when one of l or m vanishes. Physically this is equivalent to one stating that for modulation to occur, the image of the first grid must be phase locked with the second grid. When Eq. ͑10͒ is applied to an ideal grid of pitch p with unit slit͞slat ratio for harmonics h ϭ 1, 3, 5, . . . , the flux reduces to
The modulation is a sinusoidal function with period ␦ ϭ p͞h and amplitude proportional to cos͑Lh 2 ͞p 2 ͒. Thus the special case of regular grids reduces to the result found by Lindsey, 19 alluded to above in Section 6.
To apply Eq. ͑10͒ we must determine the coefficients F n and F n for the grids. This is done when we employ the measurements of the slat positions made at the Goddard GCF. For each grid, positions of the slat edges were determined on ten parallel scans perpendicular to the slats. For all practical purposes these scans are identical. We designate these edge positions by a k and b k for the forward grid and â k and b k for the rear grid.
The Fourier coefficients are then determined from the following equations:
with corresponding expressions for F n . Note that F Ϫn ϭ F n *, as expected for real q͑ x͒. Also, even for irregular grids, F n is its own autocorrelation. Because we are interested particularly in the modulation at the fundamental and the third harmonic of the mean grid pitch, we need to extract the part of the modulation in Eq. ͑10͒ that varies sinusoidally with a given harmonic of the rear grid offset ␦. Toward this end, we rewrite Eq. ͑10͒ as
For a mean pitch p , the fundamental occurs at n ϭ d͞p and the second and third harmonics at n ϭ 2d͞p , 3d͞p , ͑N 1 , N 2 , and N 3 , respectively͒. A comparison of Eqs. ͑9͒ and ͑6͒ gives the expression for ⌽ n :
where
Thus ⌽ n is proportional to the autocorrelation of G m , derived from phase shifts of the aperture coefficients of the forward grid. In the short wavelength limit ͑ ϭ 0͒, G m ϭ F m , so
where we use the fact mentioned above that the autocorrelation of F m equals F m itself. This reproduces a well-known result from geometrical optics: The Fourier transform of the image from two successive apertures is the product of the transforms of the apertures.
It is possible to manipulate Eq. ͑14͒ so that it is more clearly a generalization of Eq. ͑11͒ for ideal grids:
For the odd harmonics, this reduces simply to Eq. ͑11͒, but the algebra of the even harmonics is more subtle, and we found that it is more instructive to use Eq. ͑14͒ or ͑16͒ in numerical form.
B. Comparison of Laser Calibration with the Grid Characterization Facility Measurements
The coefficients ⌽ n , where n ϭ N 1 , N 2 , and N 3 , can now be used to obtain the amplitude and phase of the second and third harmonics relative to the fundamental. For any reasonably good grid, the dominating coefficients F n are the dc, fundamental, and third harmonic terms n ϭ 0, n ϭ N 1 , and n ϭ N 3 . ͑If the slit and slat widths differ, the significance of the second harmonic is additionally enhanced.͒ Figure 11 shows the value of the diffraction factor for the fundamental and third harmonics for a range of pitches near 1.250 mm. This figure clearly demonstrates the strong dependence of the diffraction fac-tor on grid pitch. The equations for the dependence of the diffraction factor as derived above were used to compute the ratio of the harmonics to the fundamental ͑ℜ 2:1 and ℜ 3:1 ͒, including grid irregularities. Equation ͑10͒ was used to obtain ⌽ n for values near N 1 , N 2 , and N 3 , then Gaussians were fit to the peaks and integration under the Gaussians was computed. The ratios of the products of these integrals for the fundamental and harmonics then gave the desired quantities ℜ 2:1 and ℜ 3:1 .
If it is assumed that the grids are illuminated fully by the laser beam. Then, taking into account diffraction from grids with a variation in pitch, the empirical ℜ 3:1 is Ϫ1͞10.5 and ℜ 2:1 is 1͞40. However, the expanded beam was approximately 88 mm in diameter, so approximately 70 slats of the front grid were projected onto the rear grid. However, this does not include the two-dimensional nature of the grid: In fact, because the mean chord of a circle is ͞4 times its diameter, the average number of slats illuminated by the approximately circular beam is approximately ͞4 ϫ 70 ϭ 55. The area covered by the expanded laser beam is also reduced by the shadow of the secondary, and this further reduces the effective number of illuminated slats by several percent. For the case of illumination of the inner 51 slats, ͉ℜ 3:1 ͉ decreases to 1͞11 and ℜ 2:1 increases to 1͞30. These changes result from the fact that the departures of the pitch from the nominal are larger in the middle of the grid.
There are a number of instrumental parameters that raise or lower the harmonic ratios. We already discussed the effect of pitch variations. Another important parameter is the effective slit͞slat ratio. The slit͞slat ratio, as measured at the GCF, is close to unity for the two coarse HEIDI grids. However, the off-set angle of the source from the spin axis creates slit shadowing that decreases the projected slit size in the detector plane. As discussed in Section 5, for ideal thick grids, this increases the even harmonics. For the source off-set angle of 12 ft ͑3.6 m͒, the slits are reduced effectively by 0.035 mm. Other effects, such as the nonperpendicularity of the grids relative to the spin axis and venetian blinding in the grids, also cause effective reduction of the slit width and change the harmonic ratios. Therefore we took the effective slit reduction as a free parameter ͑⌬s͒, and computed the second and third harmonic ratios to the fundamental as a function of ⌬s. These quantities are shown in Fig. 12 .
As the curves in Fig. 12 show, the ratio of the second harmonic to the fundamental ℜ 2:1 first falls and then increases as shadowing increases. The initial decrease results from the fact that one of the grids has a slat width slightly greater than its slit width. For ideal symmetric grids, the second harmonic would increase steadily from zero. Figure 12 shows that the third harmonic ratio ͉ℜ 3:1 ͉ decreases monotonically as shadowing increases. For zero shadowing ͑⌬s ϭ 0͒, the third harmonic for an ideal grid is 0.11, as shown by the top curve ͑labeled 102͒ for the case of 102 illuminated slats. For the case of 51 illuminated slats, the third harmonic as a function of ⌬s decreases in parallel fashion. In general, as shown in Fig. 12 , when the number of slats are reduced it causes the third harmonic to decrease and the second harmonic to increase. ͑Compare curves labeled 51 with those labeled 102.͒ We found empirically that the presence of noise in the edge values increases the magnitudes of both ℜ 3:1 and ℜ 2:1 . The curves labeled 51N show the effect of our adding 0.020 mm pseudorandom noise to the aperture transmission functions. This value is approximately twice the noise expected from the variations in the GCF measurements at that time. Presumably, noise in the laser wave fronts and in the planarity of the beam would also cause such changes in ℜ 3:1 and ℜ 2:1 . Because we know that the beam is nonplanar ͑see Fig. 9͒ , we use this pseudorandom noise as a rough model of the beam aplanarity. Other important effects on the harmonic ratios involve the relative twists of the fore and aft grids and curvature of the grid slats. ͑Indeed, slat curvature was measured at the GCF and found to be a few percent of the nominal pitch.͒ Minor collimator twists and curvature have the effect of decreasing the modulation by a mechanism similar to bandwidth smearing ͑as it is called in radio astronomy͒. One may approximate this phenomenon by considering elemental differential sections of the collimator where the thin dimension lies in the direction perpendicular to the slats and to the spin axis. Each such differential element contributes to the overall modulation pattern, and if there is a small collimator twist or slat curvature, the pattern of each contribution will be phase shifted with respect to the other elemental modulation patterns. Thus the total of near-ideal sinusoidal patterns from each element will be smeared out. We model this by assuming that all elements contribute equally, and that the total sinusoidal modulation is a uniform contribution from phase shifts between 0 and ␣. It is shown easily that each harmonic N is reduced in amplitude by a smearing factor S b ϭ sin͑N␣͒͞␣. Figure 12 shows the harmonic ratios reduced by this factor ͑dark curves labeled 51N*S͒ for the case ␣ ϭ 0.25. This ␣ corresponds to maximum twist or curvature displacements of 25% of the pitch. Larger values than this were not computed because the approximation used here breaks down, and such large values seem unlikely. Figure 12 shows the amplitudes of the harmonics inferred from the regularization of the laser modulation signal ͑horizontal bands bordered by dashed lines͒, as discussed in Section 6. The predicted third harmonic ratio intersects the laser measurement lines at values of the abscissa for ⌬s Ϸ 0.055 mm, which is larger than the effective shadowing of 0.035 mm expected for a source offset by 12 ft ͑3.6 m͒. The left vertical line shows the maximum reduction of slit width caused by the 12-ft ͑3.6-m͒ offset of the source, and the right vertical line shows the inferred effective reduction of the slit width where the computed harmonics ͑dark curves͒ agree with the observations ͑dashed bands͒. A possible explanation for the separation of the two vertical lines could be a combination of a slight lack of parallelism of the planes of the front and rear grids and͞or more venetian blinding in the grids than anticipated.
The parameters selected to create this agreement ͑illumination fraction, noise, shadowing, and smearing͒ are not determined uniquely by our method, but we demonstrated the utility of laser calibration for the estimation of such optical parameters of the telescope. An improved system that is capable of measuring higher harmonics with higher accuracy would be able not only to provide an end-to-end test of the modulation, as we have done, but also to determine more precisely many of the relevant instrumental parameters.
Modifications and Improvements
Based on our experience with the first laser calibration of a HEIDI RMC, we proposed an improved experimental setup for a laser calibration system. The collimator we propose to use consists of an objective lens, a pinhole for spatial filtering, and a large parabolic mirror instead of an inverted Cassegrain telescope. The narrow laser beam would be focused by the objective lens onto a point in the plane of the pinhole. The pinhole would act as a spatial filter for high-frequency noise that is due to atmospheric scatterers, lens imperfections, etc. that will remain unfocused in an annular region about the center of the pinhole. After the pinhole, a prism will be used to direct the diverging beam toward a parabolic mirror. The prism will be situated such that the diverging beam will appear to have originated at the focal point of the mirror. The parallel, large-area beam reflected from the parabolic mirror will then be reflected onto the front grid of the RMC with a largearea planar mirror. A schematic of our proposed experimental setup is shown in Fig. 13 .
The parallel beam produced in this manner, which will be of much higher quality than that produced by an inverted Cassegrain telescope, will allow our method of laser calibration to be applied to the finer Fig. 13 . Schematic of proposed improvements to laser calibration setup. The collimator we propose to use consists of an objective lens, a pinhole for spatial filtering, and a large parabolic mirror instead of an inverted Cassegrain telescope. The parallel, largearea beam reflected from the parabolic mirror will then be reflected onto the front grid of the RMC with a large-area planar mirror that is computer controlled. CAL, calibration.
grids currently being developed for the HESI instrument. Because of the higher beam quality, it also would permit a more complete analyses of future measurements than were possible with the results of our present system.
Summary and Conclusions
We developed a method to calibrate the imaging capabilities of rotating modulation collimators ͑RMC's͒ used as the imaging optics in astronomical Fourier transform x-ray imagers. Our method, which exploits the properties of Fourier image planes, can be performed in the laboratory with visible light ͑even though the grids that comprise the RMC are diffraction limited at optical frequencies͒ and does not require a large-area x-ray beam. We applied our method to one of the RMC's used in the high-energy imaging device ͑HEIDI͒ prior to its first balloon flight in June 1993. Our results for this RMC, with 25-in. ͑64-cm͒ resolution, yield second and third harmonic ratios to the fundamental of 0.025 and 0.067, respectively. After accounting for diffraction appropriately, which included incorporating the known irregularities in the grids, we compared the predicted ratios of the harmonics of the second and third modulation relative to the fundamental with the ratios derived from regularization of the laser modulation signal. The comparison indicates agreement between predictions and measurement if there are very slight angular offsets from the nominal in the two grids and their slats. The estimated values for these offsets are compatible with good overall imaging quality of the HEIDI collimator.
